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Nodal-line semimetals are topological semimetals in which band touchings form nodal lines or
rings. Around a loop that encloses a nodal line, an electron can accumulate a nontrivial pi Berry
phase, so the phase shift in the Shubnikov-de Haas (SdH) oscillation may give a transport signature
for the nodal-line semimetals. However, different experiments have reported contradictory phase
shifts, in particular, in the WHM nodal-line semimetals (W=Zr/Hf, H=Si/Ge, M=S/Se/Te). For a
generic model of nodal-line semimetals, we present a systematic calculation for the SdH oscillation
of resistivity under a magnetic field normal to the nodal-line plane. From the analytical result of
the resistivity, we extract general rules to determine the phase shifts for arbitrary cases and apply
them to ZrSiS and Cu3PdN systems. Depending on the magnetic field directions, carrier types,
and cross sections of the Fermi surface, the phase shift shows rich results, quite different from those
for normal electrons and Weyl fermions. Our results may help exploring transport signatures of
topological nodal-line semimetals and can be generalized to other topological phases of matter.
Introduction.– Nodal-line semimetals [1–4] are topolog-
ical semimetals in which conduction and valence bands
touch at open lines or closed rings [Fig. 1(a)] in momen-
tum space [5, 6]. Compared to topological insulators and
Weyl semimetals, the nodal-line semimetals have unique
topologically-constrained drumhead surface states. With
broken symmetries, the nodal-line semimetals can evolve
into various topological phases of matter, such as Dirac
semimetals and topological insulators. Therefore, the
nodal-line semimetals are of great fundamental inter-
ests. The nodal lines have been proposed in HgCr2Se4
[7], graphene networks [8], Cu3(Pd/Zn)N [9, 10], SrIrO3
[11, 12], TlTaSe2 [13], Ca3P2 [14, 15], CaTe [16], com-
pressed black phosphorus [17], CaAg(P/As) [18], CaP3
family [19], PdS monolayer [20], Zintl compounds [21],
BaMX3 (M=V, Nb and Ta, X=S, Se) [22], rare earth
monopnictides [23], alkaline-earth compounds [24–26],
other carbon based materials [5, 27], and metallic ru-
tile oxides XO2, (X=Ir, Os, Rd) [28]; and experimentally
verified in PbTaSe2 [29], ZrSiS [30–32] and PtSn4 [33] by
angle-resolved photoemission spectroscopy.
In a nodal-line semimetal, an electron can pick up
a nontrivial pi Berry phase around a loop that inter-
locks with the nodal line, while around a loop parallel
to the nodal ring plane the Berry phase is trivial [11].
As a signature of the nodal-line semimetal, the nontriv-
ial Berry phase may be probed by the quantum oscil-
lations [34–48], that is, the oscillation of the resistivity
ρ as a strong magnetic field quantizes the energy spec-
trum into Landau levels. The oscillation can be charac-
terized by ρ ∼ cos[2pi(F/B + φ)], where B is the mag-
netic field strength, and the oscillation frequency F and
phase shift φ can provide the energy band and topolog-
ical information of metals. In experiments, the phase
shift of the quantum oscillation can be extracted from
the Landau fan diagram, which presents the nth resistiv-
ity peak in perpendicular magnetic fields B as a function
of 1/B. The slope of the linear fitting to the n-1/B re-
lation is the oscillation frequency and the intercept on
the n-axis indicates the phase shift. Recently, quantum
oscillations have been experimentally observed in ZrSiS
[49–54], ZrSi(Se/Te) [55], ZrGe(S/Se/Te) [56], and Hf-
SiS [57]. Singha et al. [49] and Ali et al. [50] found
that the phase shift of a higher frequency component is
close to ±1/8 or 0, implying a nontrivial Berry phase in
3D or 2D. However, Wang et. al. [51] claimed a triv-
ial Berry phase for this higher frequency component in
the same material ZrSiS. To clarify the confusion, a the-
oretical study on the phase shift in nodal-line semimetals
is highly desirable, and will be helpful for future explo-
ration not only in nodal-line semimetals but also in other
emergent topological materials.
In this Letter, we present a systematic calculation
for the quantum oscillation of resistivity in topological
nodal-line semimetals. We start with a generic model
which describes a closed nodal ring and its torus Fermi
surface. This generic model allows us to extract analytic
results for the frequencies and phase shifts of oscillation
(Tab. III) from the calculated resistivity in a magnetic
field normal to the nodal-ring plane. From the analytic
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FIG. 1. (a) The nodal line, torus, and drum Fermi surfaces
for a generic model of nodal-line semimetal in Eq. (1). The
dashed ring stands for the nodal ring. EF is the Fermi energy.
u is a model parameter. (b) The maximum (α) and minimum
(β) cross sections in the nodal-line plane of the torus Fermi
surface. (c) The maximum (γ) and minimum (δ) cross sec-
tions out of the nodal-line plane of the torus Fermi surface.
results, we summarize the general rules for the phase shift
in arbitrary cases (Tab. II). The general rules help us
to deal with more complex nodal lines and their corre-
sponding phase shifts, such as those in Cu3PdN (Fig. 2
and Tab. IV) and ZrSiS (Fig. 3 and Tab. V) [49–54].
These results will help us explore transport signatures
for nodal-line semimetals and other topological phases of
matter.
Torus Fermi surface.– A generic Hamiltonian of nodal-
line semimetals can be given as [13, 29]
H =
{[
~2(k2x + k2y)/2m− u
]
τ3 + λkzτ1
}⊗ σ0, (1)
where τ , σ are the Pauli matrices, k = (kx, ky, kz)
is the wave vector, and m, u and λ are model pa-
rameters [13, 29]. The model describes four energy
bands. The dispersions of the energy bands are E± =
±
√
[~2(k2x + k2y)/2m− u]2 + λ2k2z . For positive u, two
bands intersect when k2x + k
2
y = 2mu/~2 at zero energy
describing the nodal-line ring with radius
√
2mu/~ [Fig.
1(a)]. When the Fermi energy EF < u, the dispersions
give rise to a torus Fermi surface in 3D momentum space
[Fig. 1(a)]. For EF > u, the Fermi surface becomes a
drum-like structure [Fig. 1(a)]. We will focus on the
torus Fermi surface due to the low carrier density in the
experiments [30, 31] and its anisotropy as a signature of
nodal-line semimetals.
Phase shifts in Bz.– For conventional electrons and
Weyl fermions with spherical Fermi surfaces, the fre-
quency and phase shift in the quantum oscillation can
be explored theoretically by calculating the resistivity or
using the Fermi surface analysis. However, their equiv-
alence is unknown for the sophisticated Fermi surface of
nodal-line semimetals. Below we will focus on a solv-
able case when the magnetic field is perpendicular to the
nodal-line plane. In this way, we will extract the rules
of determining the phase shift and apply them to more
sophisticated cases.
First, we use the Fermi surface analysis. According
to the Onsager relation F = (~/2pie)A, the oscillation
frequency F is proportional to the extremal cross sec-
tional area A on the Fermi surface that is normal to
the magnetic field [58]. In a magnetic field normal to
the nodal-line plane, specifically Bz here, the extremal
cross sections can be found by using ∂A/∂kz|EF = 0.
There are two extremal cross sections [Fig. 1(b)], which
lie at the kz = 0 plane, where the energy dispersions
reduce to E± = ±
∣∣~2(k2x + k2y)/2m− u∣∣, for electron
(+) and hole (−), respectively. Using this dispersion
and Onsager relation, the high and low frequencies are
found to be Fα = m(u+EF )/~e for the outer circle and
Fβ = m(u−EF )/~e for the inner circle, respectively. The
two frequencies are expected to induce a beating pattern
in the quantum oscillation, which has been well studied
[59].
TABLE I. Phase shifts φ of quantum oscillations in systems
with different dispersions (linear or parabolic) and dimension-
alities (2D or 3D). Bz and B|| are the magnetic fields out of
and in the nodal-line plane. α, β, γ, and δ correspond to the
cross sections of the torus Fermi surface in Fig. 1.
System Electron carrier Hole carrier
2D parabolic −1/2 1/2
3D parabolic −5/8 5/8
2D linear 0 0
3D linear −1/8 1/8
Nodal-line in Bz −5/8 (α), 5/8 (β) 5/8 (α), −5/8 (β)
Nodal-line in B|| −5/8 (γ), 1/8 (δ) 5/8 (γ), −1/8 (δ)
The phase shift for each frequency component of the
quantum oscillation can be argued according to the rela-
tion
φ = −1/2 + φB/2pi + φ3D, (2)
where φB is the Berry phase [60, 61] and φ3D = ∓1/8 is
a correction that arises only in 3D. In previous systems
with spherical Fermi surfaces, the sign of φ3D is deter-
mined by the curvature of the Fermi surface along the
direction of the magnetic field [62–65]. Nevertheless, the
significance of φ3D was not fully appreciated in recent lit-
erature. Here, we summarize simple rules for φ3D. For a
3maximum cross section, φ3D = −1/8 for electron carriers
and 1/8 for hole carriers; For a minimum cross section,
φ3D = 1/8 for electron carriers and −1/8 for hole car-
riers. In previous systems where the Fermi surface is a
sphere, there is only a maximum, so φ3D = −1/8 for
electron carriers and 1/8 for hole carriers. A parabolic
energy band has no Berry phase, so according to these
rules, the phase shift is ±1/2 and ±5/8 in 2D and 3D,
respectively. In contrast, an energy band with linear dis-
persion carries an extra pi Berry phase [60], so the phase
shift is 0 [66] and ±1/8 [67] in 2D and 3D, respectively.
We summarize the phase shifts of 2D and 3D bands of
linear and parabolic dispersions in Tab. I.
TABLE II. The phase shift φ of the nodal-line semimetal in
Fig. 1, obtained by using the relation φ = −1/2 + φB/2pi +
φ3D, where φB is the Berry phase and φ3D is the dimension
correction. α, β, γ, δ are the extremal cross sections in Fig. 1.
Max. or Min. indicates whether the cross section is maximum
or minimum. For electron carriers, φ3D is −1/8 for maximum
cross section and 1/8 for minimum cross section. The phase
shifts of hole carriers are opposite to those of electrons.
Berry Min. Electron Hole
phase /Max.
α 0 Max. −1/2 + 0− 1/8 = −5/8 +5/8
β 0 Min. −1/2 + 0 + 1/8 = −3/8↔ 5/8 −5/8
γ 0 Max. −1/2 + 0− 1/8 = −5/8 +5/8
δ pi Min. −1/2 + pi/2pi + 1/8 = 1/8 −1/8
The phase shift is more complex in the nodal-line
semimetal. First, the torus Fermi surface allows both
maximum and minimum cross sections, in either in-plane
or out-of-plane magnetic fields. Second, the Berry phase
is 0 and pi, respectively, along the loop parallel to and
around the nodal line. Thus, depending on the mag-
netic field direction, the quantum oscillation has differ-
ent phase shifts, as summarized by the last two entries in
Tab. I. In a magnetic field (Bz) normal to the nodal-line
plane, the cross sections are α and β in Fig. 1. Along
circles of α and β, the Berry phase is 0, so the phase
shift should take values as 5/8 or −5/8. Take electron
carriers for example (see the first two entries in Tab.
II). α is the maximum cross section, so φ3D = −1/8
and φ = −1/2 + 0 − 1/8 = −5/8 for electron carri-
ers. β is the minimum cross section, so φ3D = 1/8 and
φ = −1/2 + 0 + 1/8 = −3/8 for electron carriers, which
is equivalent to 5/8 because of the 2pi periodicity of the
oscillation.
Resistivity in Bz. – To verify the above argument, we
calculate the resistivity (see Supplemental Material [68]
for details), in the presence of a magnetic field (Bz) nor-
mal to the nodal-line plane. Bz quantizes the energy
spectrum into a set of 1D bands of Landau levels dis-
persing with kz, E
ν±
kz
= ±
√
[~ω (ν + 1/2)− u]2 + λ2k2z ,
TABLE III. The analytic expressions for the frequencies Fα,β
and phase shifts φα,β in the resistivity formula Eq. (3) for
electron carriers. Hole carriers have an extra minus sign in all
cases compared to electron carriers.
Longitudinal ρzz Transverse ρxx
α β α β
F m~e (u+ EF )
m
~e (u− EF ) m~e (u+ EF ) m~e (u− EF )
φ −5/8 +5/8 −5/8 +5/8
where ± denote the upper bands and the lower bands,
respectively. These Landau bands are unique, which can
be seen at the band bottoms where kz = 0. For the up-
per bands, Eν+kz=0 = u − ~ω
(
ν + 12
)
for 0 ≤ ν ≤ ν∗ and
Eν+kz=0 = ~ω
(
ν + 12
) − u for ν ≥ ν∗ + 1; where ν∗ is the
integer portion of u/~ω−1/2. For ν < ν∗, the energies of
the Landau bands go downward with increasing ν. For
ν > ν∗, the bands go upward [see Fig. S2(a) of [68]]. This
behavior is different from those of usual electrons and
Weyl fermions, where the energy is monotonic with the
Landau index. According to our resistivity calculations
(Ref. [68]), the two sets of Landau bands correspond to
the two cross sections α and β, and their upward and
downward tendencies correspond to the φ3D = −1/8 and
+1/8, respectively.
With the Landau bands in Bz, we calculate the resis-
tivities along the z (ρzz, out of the nodel-line plane) and
x (ρxx, in the nodel-line plane) directions, respectively,
through ρzz = 1/σzz and ρxx = σyy/(σ
2
yy + σ
2
xy), where
σzz, σyy, and σxy are conductivities (Ref. [68]). The
calculations yield that for both ρxx and ρzz, the magne-
toresistivities have two terms
(ρ− ρ0)/ρ0 = Cα exp(−λD) cos[2pi(Fα/B + φα)]
+ Cβ exp(−λD) cos[2pi(Fβ/B + φβ)], (3)
where the analytic expressions for the oscillation frequen-
cies Fα,β and the phase shifts φα,β calculated from the
resistivity are listed in Table. III. In this way, we estab-
lish the equivalence between the resistivity calculations
and the Fermi surface analysis for the phase shifts of
quantum oscillation in the nodal-line semimetal. Simi-
larly, the phase shifts in a magnetic field B|| applied in
the nodal-line plane [Fig. 1(c)] can be found, as listed in
Tab. II (details can be found in Sec. S8 of [68]). Later
we generalize the rules in Tab. II to more realistic and
sophisticated cases.
Cu3PdN. – A nodal-line semimetal of the Cu3PdN fam-
ily [9] has three nodal rings orthogonal to each other, at
planes kx = 0, ky = 0, and kz = 0, respectively, due
to the cubic symmetry. The effective k·p Hamiltonian is
H = [m − b(k2x + k2y + k2z)]τ3 + λkxkykzτ1, where m, b,
and λ are model parameters. Fig. 2(a) shows the Fermi
surface for small EF . In a magnetic field along either the
4(a) (b)
FIG. 2. (a) Fermi surface for the model of Cu3PdN [9, 10].
(b) The α, β, γ, and δ extremal cross sections in (a).
TABLE IV. The phase shifts for the extremal cross sections
of Cu3PdN in Fig. 2. m and b are the model parameters.
Berry Min. Location Phase shift
phase /Max. (electron)
α 0 Max. kz = 0 (outer) −5/8
β 0 Min. kz = 0 (inner) −3/8↔ 5/8
γ 0 Max. kz =
√
(m− EF )/b −5/8
δ pi Min. 0 < kz <
√
(m− EF )/b 1/8
x, y, or z direction, there are four extremal cross sections
as shown in Fig. 2(b). Their phase shifts are summarized
in Tab. IV.
ZrSiS. – Most quantum oscillation experiments were
for the ZrSiS family [49–57], in which electron and hole
pockets coexist at the Fermi energy [30, 31, 49, 54]. Fig.
3 shows the diamond-shaped electron pockets enclosing
the nodal line and the quasi-2D tubular-shaped nodal-
line hole pockets at the X points in the Brillouin zone
[54]. Therefore, when the magnetic field is along the
c axis (the [001] direction), i.e., perpendicular to the
diamond-shaped Fermi surface, there are three extremal
cross sections, the outer (α) and inner (β) cross sections
 (a) (b)
[010]
[100]
[100]
(c) (d)
[010]
[001]
Electron
Hole
FIG. 3. (a) The Fermi surface of ZrSiS adapted from [54].
(b) The different colors distinguish the nodal-lines of electron
and hole carriers, respectively. (c) Top view of (a). (d) The
extremal cross sections in a [001]-direction magnetic field.
TABLE V. For the nodal-line semimetal ZrSiS, the phase
shifts of the cross sections on the Fermi surface in Fig. 3.
Berry Min. Location Carrier Phase
phase /Max. type shift
α 0 Max kz = 0 (outer) electron −5/8
β 0 Min kz = 0 (inner) electron −3/8↔ 5/8
γ pi Max kz = 0 hole 0
of the diamond-shaped electron pocket, and the tubular-
shaped hole pockets (γ). The α and β cross sections of
the diamond-shaped Fermi surface give phase shifts of
5/8 and −5/8 in the oscillation, respectively. Neverthe-
less, the frequencies of the α and β pockets are too large
(about 104 T) to be extracted from the experiments. In
contrast, the γ nodal-line hole pockets have been iden-
tified as the origin of the high frequency (about 210 T)
component [54]. This pocket encloses a nodal line, so it
has a pi Berry phase. Also, it has φ3D = 0 because of its
quasi-2D nature. According to Eq. (2), the γ pocket has
a phase shift of φ = −1/2 + pi/2pi+ 0 = 0, in consistence
with the results by Ali et al. [50].
Discussion and Perspective - To apply the rules of
phase shifts, one needs to know the shape of the Fermi
surface, carrier type, and whether the extremal cross
section encloses a nodal line. The Fermi surface can
be obtained by k · p or tight-binding models. The
model in Eq. (1) has implied mirror reflection symme-
try [13, 29]. Nodal lines are also protected by other
symmetries [3, 6, 10, 69], such as two-fold screw rota-
tion [11, 12], four-fold rotation and inversion [3], non-
symmorphic symmetry through a glide plane [30, 31], etc.
Symmetry affects the number and location of nodal lines,
but not the properties of an individual nodal line. The
existence of the nodal line guarantees the pi Berry phase,
so the rules of phase shift are irrelevant to which sym-
metries protect nodal lines, as we have shown the cases
of Cu3PdN and ZrSiS as examples. Even if the nodal
line breaks because the protecting symmetry is broken
and the conduction and valence bands are separated by
finite gap ∆, we can still have a Berry phase for the same
integral loop as that of ∆ = 0, and the Berry phase is
corrected to (see details in [68])
φB = ±pi
(
1− ∆
2EF
)
, (4)
which shows that quantitative studies are still possible
in the presence of a finite gap. In materials, trivial and
nodal-line pockets may coexist at the Fermi energy. If
the pockets are well separated, one can first use the
fast Fourier transformation analysis to extract distinc-
tive frequency components from the resistivity, then fit
the phase shift for each frequency component from Lan-
dau fan diagram, and finally compare the data of phase
5shifts with the theory to identify the nodal lines and
trivial bands. In experiments, well-separated pockets
can be achieved by tuning the Fermi energy. Recently,
new discoveries on quantization rules in oscillations have
been found for graphene, 2D materials, topological met-
als, topological crystalline insulator, Dirac and Weyl
semimetals [70, 71]. Topological contributions have also
been found in Bloch oscillations [72]. Generalizations
of these classical notions to nodal-line systems will be
topics of fundamental interests in the future. Whether
the rules for phase shift can be generalized to extremal
orbits shared by electron and hole pockets in type-II
Weyl semimetals [70, 73] will be an outstanding prob-
lem. Quantum oscillations in nodal-line systems have
also been addressed recently [74, 75].
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